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1.1

1.2

Lipschitz Condition

Lipschitz Condition Consider the function f(t,z) with f: R"™ — R" |t —t,| < a,z € D C R". f satisfies
the Lipschitz condition with respect to x if in [t, — a,ty + al] x D we have:

1F(t, 1) = F(E,29)[] < Ll|2y — | (1.1)

with ,,25 € D and L a constant. L is called the Lipschitz constant.
If f satisfies the condition, f i Lipschitz continuous in x. This also implies continuity in x.

1.1 Consider the initial value problem:
$:f(.’lf,t), x<t0) =Ty (12)

with x € D C R™, |t — ty| < a; D = z|||lx — xy|| < d, a and d are positive constants. The vector function f(z,t)
satisfies the following conditions:

@ f(z,t) is continuous in G = [t, — a,t, + a] x D
@ f(x,t) is Lipschitz continuous in z

Then, the initial value problem has one and only one solution for [t — ¢,| < min(a, &), with M = sup,, || f1]-

Gronwall’s Inequality
1.2 Assume that for t; <t <t,+ a, with a a positive constatn, we have the estimate:
o0 <, [ uts)s(s)ds + (13)
tO

in which, for ¢, <t < ¢, + a,¢(t) and () are continuous functions, ¢(¢) > 0 and ¢(t) > 0;9, and 05 are
positive constants. Then we have for t; <t <t,+ a:

6(t) < 8ye” bous(s)ds (1.4)
1.3 Assume that for ¢; <t <, + a, with a a positive constant, we have the estimate:
t
o0 < Bt —ty) + 5, [ Sls)ds+ 5y (1.5)
to

in which for ¢, <t < t, + a, ¢(t) is a continuous function, ¢(t) > 0;d;,0,,d5 are constants with d; > 0,0, >
0,63 > 0. Then we have for t, <t <t;+ a:
) )
o) < [ 2 +05) et 2 (1.6)
oy oy

1.4 Consider the equation @ = f(x,t),z € R", f : R®"! — R" ¢t > 0; f(¢, ) satisfies the Lipschitz condition
(Lipschitz constant L) and is continuous in ¢ and x. Consider the initial value problems:

& = f(z,t),2(0) = a,solutionz(t)on intervall (1.7)
& = f(x,t),2(0) = a + n, solutionz, (t)on intervall (1.8)

If ||n|| < e (e real, positive) we have:
[|zo(t) — z.(t)]| < eelton intervall (1.9)
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2.1

In autonomous equations, the independent variable ¢ does not occur explicitly, e.g. & = f(x). A scalar equation
of order n is often written as:

™ 4 F(z™Y . 2) =0
in which 2® = d*z/dt* k=0,1,...,n,20 = z.

(2.1)

In characterizing the solutions of autonomous equations we use three special solution sets:

@ Equilibrium or Stationary solutions
@ Periodic solutions

@ Integral manifolds

Phase-Space, Orbits

The translation property says that if we have a solution ¢(¢) of an autonomous equation in the domain D C R,
then ¢(t —t,) with ¢, a constant is also a solution. Note that the two are two different solutions, but correspond
to the same orbital curves in phase space.

If x € D C R", D is called phase-space, and for autonomous equations this is often separately studied.

EXAMPLE Considering the harmonic equation:

t4+2x=0 (2.2)
The equation is autonomous. We can put z = z; and & = z, to obtain:
.'L:Q = _‘Tl 2.4

The solutions are linear combinations of cost and sint. The solution space can be sketched in the z,Z plane.
This is the phase-plane.

END EXAMPLE
The space in which we describe the behavior of the variables z?, parameterized by t, is called phase-space.

A point in phase-space with coordinates z(t),...,x,, (t) for a certain ¢ is called a phase-point. In general, for
increasing t, a phase-point shall move through phase-space.

In carrying out the projection, we generally do not know the solution curves. A DE can easily be formulated to
describe the behavior of the orbits in phase-space. We can write the autonomous equation out in components
like:

i, = fi(a), (2.5)
We shall use one of the components of  as a new independent variable. This requires that f;(x) # 0. With the
chain rule we obtain (n — 1) equations:

1=1,...,n

% . fj(@
dz; B fi(z)
dz, 1)
dz; B fi(x)

Solutions of this system in phase-space are called orbits. If existence and uniqueness applies to the autonomous
equation, it also applies to the above system. This means orbits will not intersect.
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2.2

2.3

L2: Autonomous Equations (1) September 10th, 2025

Critical Points and Linearization

Critical Point The point = a with f(a) = 0 is called a critical point of equation & = f(x).
A critical point corresponds with an equilibrium solution of the equation.

Attractor A critical point of the equation is called a positive attractor if there exists a neighborhood €2, C R”
of = a such that x(¢,) € Q, implies lim, , _ x(t) = a. If for t — —o0, it is a negative attractor.

In analysis of critical points and equilibrium solutions we always start by linearizing the function using the
Taylor series expansion around the critical point.

Periodic Solutions

Periodic Solution Suppose that x = ¢(t) is a solution of the equation & = f(x),x € D C R™ and suppose
there exists a positive number T such that ¢(t + T') = ¢(¢) for all ¢ € R. Then ¢(¢) is called a periodic solution
of the equation with period T.

Consider phase-space corresponding with an autonomous equation. For a periodic solution we have that after
a time T, x = ¢(t) assumes the same value in R™. Thus, a periodic solution produces a closed orbit or cycle in
phase-space.
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